Trigonometry

{(_ EXERCISE 6.1 )

1. Find in which quadrant the following angles lie. Write a co-terminal angle for
each:
(1) 65° (i) 135° (iii) —40° (@v) 210° (v)  —150°
Solution

i) 1% (i) 2 (iii) 4% (iv) 39 (v) 3

2. Convert the following into degrees, minutes, and seconds:
(1) 123.456° (i)  58.7891° (i11)  90.5678°
Solution
2(i): 123.456°
123
0.456 x 60 = 27.36
0.36 x 60 = 21.6
123.456° ~ 123°27' 22"
2(ii): 58.7891°
58
0.7891 x 60 = 47.346
0.346 x 60 = 20.76
58.7891° =~ 58°47' 21"
2(iii): 90.5678°
90
0.5678 x 60 = 34.068
0.068 x 60 = 4.08
90.5678° ~ 90° 344"
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3. Convert the following into decimal degrees:

(i)  65°32'15" (i)  42°18' 45" (i)  78°45' 36"
Solution
3(i): 65°32'15"
65°32'15" = 65 + + v = 65+ 0.5333 + 0.0042 = 65.5375°
3(ii): 42°18'45"
42°18'45" = 42 + + coxe0 =42+ 0.3+ 0.0125 =42.3125°
3(iii): 78°45'36"
78°45'36" =78 + + coxe0 =78+ 0.75+0.01 = 78.76°
4. Convert the followmg into radians:
(1) 36° (i)  22.5° ()  67.5°
Solution

A(i): 36° = 36 X — = —rad
180 5

4(ii):22.5° = 22.5 X — = Erad
180

4(iii):67.5° = 67.5 X — = 3—“rad
5. Convert the followmg into degrees:
. T .. l1n T
1 —rad 11 ——rad 111 —rad
@) v (i1) < () - —
Solution
5(i): —-rad = = x ﬂ = 11.25°
5(ii): “—“ ad = “—“ ﬂ = 396°
5(iii): —rad =T x ﬂ = 210°
6. Find the arc length and area of a sector if:
1) ¥ = 6 cm and central angle 0 = gradians.
(i1) = 4.3 cm and central angle 0 = % radians.
T
Solution

6(i): I =16 = 6 x g = 6.28cm
A=-120=2x(6)? X = = 18.84cm?

6(ii): l—re—ﬂxs—n_élcm

2
A=1r e:lx(ﬁ) % 2T = 3.06cm?
2 2 6

T
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7. If the central angle of a sector 1s 60° and the radius of the circle is 12 cm, find
the area of the sector and the percentage of the total area of the circle it
represents.

Solution

6 = 60° =60 X — = ~rad

180 3
Area of the sector = %rze = % x (12)? x g = 62.83cm?
Total area of the circle = mr? = 3.14159 x (12)? = 452.389cm?

Area of the sector

— 0
Percentage " Total are% of the circle x 100%
62.83cm
Percentage = 123090z < 100% = 13.89%
: : T :
8. Find the percentage of the area of sector subtending an angle 3 radians.
Solution

Area of the sector
Percentage = X 100%

Total area of the ci11;c1e

Percentage = 2 % 100% = = x 100% = 6.25%
2T 2m

9. A circular sector of radius ¥ = 12 cm has an angle of 150°. This sector is cut out
and then bent to form a cone. What is the slant height and the radius of the base
of this cone?

Hint: Arc length of sector = circumference of cone.

RN

e 12¢m
Solution
Radius of the sector = r = 12cm
51t

Angle of the sector = 8 = 150° = 150 x 1% = ?rad
Arc Length =1 =0 = 12 x == = 10mem

Now
Circumference of base of the cone = 21tr’
101t = 2mr’

radius of base = r’ = 5cm
slant height =1 =r = 12cm
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{( EXERCISE 6.2 )

1. For each of the following right-angled triangles, find the trigonometric ratios:
(1) sin® (i) cosO (i) tan® (iv) sec 8 (v) cosec 0
(vi) cot¢ (vi)) tan¢ (viil) cosecd (ix)sec ¢ (X)cos o

C C
(a) (b) &
° $
4 5 s 13
] 0 ] 0
B 3 B 12 A
Solution
4 3 4 5 5 4 3 5 5 4
(@ () — @) — @) - @Gv) - ()~ (vi) - (vi)— (vii) —  (ix) = (x) -
5 5 3 3 4 3 4 3 4 5
8 158 17 7 8 15 17 17 8
(b) () — @) — (@) — (v) — (v) — (vi) — (vi)) — (vii) —  (ix) — (X) —
17 17 15 15 8 15 8 15 8 17
5 12 5 13 13 5 12 13 13 5
() ) — @) — (@) — (v) — (v) — (vi) — (vi) — (vii)) —  (ix) — (x) —
13 13 12 5 12 12 5 12 5 13
2. For the following right-angled triangle ABC find the trigonometric ratios for
which mZA=¢and m£LC=0
(i) sin 0 (ii) cos B B a ; C
(iii)tan 0 (iv)sin ¢
(v) cos ¢ (vi)tan ¢ ¢ 5
[
A
Solution
O S ) - ) () - W) i)
1 — nm) — ) — av) — () — V1) —
b b a b b %
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3. Considering the adjoining triangle ABC, verify that:
B

(1) sin 0 cosec0=1
(11) cos B sec 0 =1 5 3
(i11) tan© cot0 =1 8
Solution 4 4 C
3.(i) sinfcosect = % X g =1
3.(if) cosOsechH = g X Z =1

3.(iii) tanBcotl = % X % =1
4. Fill in the blanks.
(1) sin 30° = sin (90° — 60°) = cos60”

(11)  cos 30° =cos (90° — 60°) = sin60°
(i)  tan 30° =tan (90° — 60°) = cot60°

(iv) tan 60° =tan (90° — 30°) = = cot30°
(v)  sin60° =sin (90° — 30°) = _cos30°

(vi)  cos 60° =cos (90° — 30°) = sin30°
(vil) sin45° =sin (90° — 45°) = cos45°

(viil) tan 45° =tan (90° — 45°) = cot45°

(ix) cos45° =cos (90° — 45°) = sind5°
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5. In a right angled triangle ABC, mZB = 90° and C is an acute angle of 60°. Alsc

sin mZA = %, then find the following trigonometric ratios:

A
 mBC ) )
(1) 5 (11) cos 60
o : T b ¢
(iii))  tan 60 (iv)  cosec 3
) cot 60° (vi)  sin 30° 4 .
(vii) cos 30° (viii) tan % ¢ a B
(ix) sec 30° (x) cot30°
Solution
Loa a C D a
B — @@ — (@) — @)—= (v)—
c b a c C
a c b C
(vi) — (vil) —  (viii) 4 (ix) — (x) —
b b c C a
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{( EXERCISE 6.3 )

1. If 0 lies in first quadrant, find the remaining trigonometric ratios of 0.

: . 2 . 3 1
1 sin 6 = — 1) cos 6 = — 11)tan 6 = —
(1) 3 (i) 2 (iii) 5

(iv) sec0=3 (v) cotB= \/g

Solution
1.3) sin@ =2
3 . By Pythagoras Formula
3 H? = P> + B* = 3% = 2 + B?
2
) ) >B2=9-4=5=B=+5

Vs NG 2 3 3 J5

(1) cos=— , tan0 = —=, cosec=—, secl=—=, coth = —

3 N 2 NG

3
By Pythagoras Formula

1.(ii) cosezz
C
4 H2:P2+B2:>42:P2+32
7
] ) =>P2=16-9=7=P =7
3
J7 J7

4
(ii) sin0= — ,tan 0= — , cosec 0 = —= ,sec 0 =
4 3 J7

w |

,cot 0= %

. By Pythagoras Formula
M H? = P2 4 B2 = H? = 12 4 22
1
) ) >H:=1+4=5=H=+5
2

. 1 2 _ 5
(111) 51n8=—,cos{3=—,cosecﬂ=\/g_,sec(:l=—,cot8=2
J5 S5 2

1.(jii) tan6 =
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1.(iv) secO = 3 = 3
1 By Pythagoras Formula

C

3 H? = P? + B> = 3> = P? + 17
2V2
] ) >P2=9-1=8=P =22
1
_ N | 3
(1v) sin 0 = ,cos0=—,tan0= 24/2,cosec = ——=,cot = —=
3 22 22
_ 3 _ 3
1.(v) Cow_\g_ﬁ By Pythagoras Formula
C
2 2
NG H?=P2+B%= H? = (V2) + (V3)
V2
>H2=24+3=5=H=+5
B A

V3
, 2 3 2 5 5
(v) sml&]—\/:,c'asﬁ—\/:,tan(?!—\/:,cosecﬂ—\/:,secb‘—\/j
5 5 3 2 3

Prove the Following Trigonometric Identities
2. (sin®+cos 0)>=1+2sin0 cos O

Solution
(sin® + cosB)? = sin?0 + cos?0 + 2sinBcosO
(sin® + cosB)? = 1 + 2sinBcosO

3. cos® 1

sin 0 B tan 0

Solution

cosO 1
= coth = —

sin@ tan6
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4 sin 0 +cosﬂ_1

cosec O sec O

Solution
sin® cosO . 1 1
= sinB X + cosO X —
cosecO secO cosecO secO
sin© cosO

= sinB X sinB + cosO X cosd = sin?0 + cos?0 =1

cosecO secO

5. cos?’0—-sin?0=2cos*0-1

Solution

cos?0 — sin?0 = cos?0 — (1 — cos?0) = cos?0 — 1 + cos?0
cos?0 — sin?0O = 2cos?0 — 1

6. cos*f—sin*H=1-2sin’0
Solution

cos?0 — sin?0 = (1 — sin?0) — sin?0 = 1 — sin?0 — sin?0
cos?0 — sin?0 = 1 — 2sin?0

I1—sinH B cos 0

cos®  1+sin®

Solution
1-sin® _ (1-sin®)(1+sin®) _  1-sin?0 cos?0 __ cos6
cos® cosB(1+sinb) - cosB(1+sinb) _lcose(%+sin§) " 1+sin0
— S1n
8. (sec O —tan 0)? = _
l+sin 0
Solution

1 sinﬂ)2 . (1—sin6)2 _ (1-sin®)? _ (1-sinB)(1-sinM)

secH — tanf)? = ( -
( ) cosO cosO cosO cos206 1—sin20

. 2 _ (1-sinB)(1-sinB) _ 1-sin6
(secd — tand)” = (1-sin®)(1+sinB)  1+sind

9. (tan 0 + cot 8)*> = sec? O cosec” 8

Solution

. . 2 2
2 _ (sin® C059)2 . (51n29+ Cosze) . ( 1 )
(tane T COte) - (cose T sin0 - cosOsin® "~ \cosBsin@
(tan® + cotB)? =

1

2 2
= sec“0 cosec-0
cos20  sinZ0
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0. tan 0 +sec 0 —1

tan O —sec 6+1

Solution
tanB6+secH-1

tan6—-secO+1
__ tan6+secO—(sec?0— tan?0)

tanB—-secO+1
__ tanB+secO—(secO— tanB)( secO+ tanb)

o tanO—-secO+1
__ (tanB+secB)[1—-(secO— tand)]

tan6—secO+1
__ (tanB+secB)[1—secB+tanb]

1—secO+tan0
= tan0b + secH

=tan O + sec O

11.  sin® 6 — cos® 6 = (sin 8 — cos 9)(1 + sin O cos 6)

Solution
sin30 — cos30

= (sin® — co0s0)(sin?0 + cos?0 + sinBcosh)

= (sinB — cos0)(1 + sinBcosO)

12.  sin® 0 —cos® 6 = (sin? O — cos? B)(1 —sin? 9 cos” 0)

Solution
sin®0 — cos®0
= (sin?0)3 — (cos?0)3

= (sin?0 — co0s?0)[(sin?0)? + (cos?0)? + sin®6cos?0]
= (sin?0 — co0s20)[(sin?0)? + (cos?0)? + 2sin®0cos?0 — sin®Bcos?0]
= (sin?0 — c0s20)[(sin%0 + cos?0)? — sin®Bcos?0]

= (sin?0 — co0s20)(1 — sin?0cos?0)
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{(_ EXERCISE 6.4 )}

L8 T T £L
0 0 300== [ 45°0== [ 60°=2 | 90°o="=
6 4 3 2
_ 1 1 NG
sin 0 0 — — —_ 1
2 2 2
NEY 1 1
cos 0 1 — — — 0
2 V2 2
1
tan O 0 T 1 -\/5 0
3
1. Find the value of the following trigonometric ratios without using the
calculator.
(1) sim 30° (i1) cos 30° (ii1))  tan % (iv)  tan 60°
(v) sec 60° (vi) cos % (vil)  cot 60° (viil) sin 60°
(ix) sec30° (x) cosec 30° (x1) sin45°  (xi1)) cos %
Solution
NG

1
@ — )= i) ¥ i) 3
2 2 3

L N3 L

W) 2 (vi) — (vi))—/ (viil) —
2 3 2

23
3

(ix) — ® 2

N

(xi) - (xii) :
Xi) — Xii) —
2 2
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2.  Evaluate:

(i) 2 sin60° cos60° (i) 2 cos % sin %
(111) 2 sin 45° + 2cos 45° (iv)  sin 60° cos 30° + cos 60° sin 30°

(v) cos 60° cos 30° — sin 60° sin 30° (vi)  sin 60° cos 30° — cos 60° sin 30°

(vii) cos 60° cos 30° + sin 60° sin 30° (viii) tan % cot %+ 1

Solution
2(1): 2sin60°cos60° = 2 X \/2—5 X % = \/2—5
2(ii): 2cos=sin= = 2 X I x 3 _ s
3 3 2 2 2
2(iiil): 2sin45° + 2cos45° = 2 X % +2 X % =V2+V2=2V2
2(iv):sin60°cos30° + cos60°sin30° = AERVSE] +ixz=241=2-9
2 2 2 2 4 4 4
2(V):c0s60°c0s30° — sin60°sin30° = % X g — g X % = ? — ? =0
2(vi):sin60°cos30° — cos60°sin30° = AERVRERN xi=3_1=-2-1
2 2 2 2 4 4 4 2
2(vii):cos60°co0s30° + sin60°sin30° = L3 + A X = E + B_nE_
2 2 2 2 4 4 4 2
o(viii): tanTcotT 4+ 1= x4 1=141=2
6 6 N

) 1 .
3. Ifsin % and cos % equal to — each, then find the value of the followings:

2

(1) 2sin45°-2 cos 45° (1) 3 cos 45°+4 sin 45°
(iii) 5 cos 45°—3 sin 45°
Solution
3(i):23in45°—2cos45°=2x%—2x%=ﬁ—ﬁ=0
i) 0 in45° — * L _7
3(i1): 3cos45° + 4sin45 —3xﬁ+4xﬁ— >
o me gmo ey a1 2 _NBXVE
3(iii): 5cos45° — 3sin45 _SX\/E 3><\/§— =5 =42

Visit us @ ahsa.pk



https://ahsa.pk

{( EXERCISE 6.5 )P

1. Find the values of x, y and z from the following right angled triangles.
1(i) mzA = 30°y = 4cm

Solution . c
mzC = mZB — mzA = 90° — 30° (1)

msC = 60°

X y

- = tan30° o= cos30° z x
x_ 1 s _ 13

* \/4§ i 2 2 8 30° |_
X=7 Z=4><—3=ﬁ A y=4cm B
1(ii) mzA = 45°,y = V3cm

Solution

msC = m£B — mzA = 90° — 45°

msC = 45° &
g = tan45° g = sin45° T
¥ _ VB_ 1 ~
X z V2

x=1v3 2= V3xZ = V6

1(iii) mzC = 60°,z = 2cm

Solution
mzZA = mzZB — mzC = 90° — 60°
mzA = 30°
X (o] y 3 (o]
o= cos60 o= sin60
x-1 y _ V3
2 2 27 2
X = z 2X\/§

2 y=—
X = 1 y — \/§
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1(iv) m£A = 45°y = 4cm

; C
Solution (iv)
msZC = m4£B — mzA = 90° — 45°
m«C = 45° .,
X = tan45° Y = cos45° X
y Z
-1 a_1
4 z 2
_ B 45° ]
x=4 z=4V2 A y=4cm B
2. Find the unknown side and angles of the following triangles.
2(i)
By Pythagoras Formula (1)
b2 =a? +c? = b2 = (V3) + (VI3) c
=>b*=3+13=16=>b=4 g
b a8
sinA = 2 = 3 = 04330 !
b 4 =
A = sin~1(0.4330) = 25.64° AR B
msC = msB — mzA = 90° — 25.64°
m«C = 64.36°
2(ii)
By Pythagoras Formula C
(i1)
b? = a%+ c? = b? = (4)? + (4)?
=>b2=16+16=32=>b=4V2 i 5
2
c 4 1 !
COSA—B—E—\/—E—O.7O71 s
A = sin"1(0.7071) = 45° H
A c=4cm B

mzZC = msZB — mzA = 90° — 45°
mzC = 45°
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3. Each side of a square field 1s 60 m long. Find the lengths of the diagonals of the

field.
Solution

A square's diagonal forms a right-angled triangle with two sides.

If'a’ and 'b' are the sides of the square and 'c' is the diagonal. Then

Using Pythagorean Theorem:
c2=az+ b2

In this case, a = b = 60m.
Therefore, ¢2 = 602 + 602

c2 = 3600 + 3600 = 7200

¢ =+/7200 = V3600 X 2 = 60v2m

Solve the following triangles when mZB = 90°:

4. msC=60° c=3y3cm
Solution
mzsC = 60°,c = 3v3cm
ms£A = m4£B — m«C = 90° — 60°

mzA = 30°
% = sin60° % sin30°
3V3 _ V3 a_1
b 2 6 2
b = 2x3+/3 a= 6
\/E _ 2
b = 6cm a=3cm

Solve the following triangles when mZ£B = 90°;

5. msC=45°, a=8cm
Solution

mzC = 45° a = 8cm

mzA = msZB — mzC = 90° — 45°

mzA = 45°
a (o] C_ (o]
g=sm45 E—cos45
8 _ 1 < _1
b V2 8v2 V2
b:8\/§(:m C:&E
V2
c = 8cm
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Solve the following triangles when m/£B = 90°;

6. a=12cm,c=6cm
Solution
By Pythagoras Formula

b? =a%+ c? = b? = (12)? + (6)?
=>b2=144+36=180=>b = 615

a 12
by 0.8944

A = sin1(0.8944) = 63.4°

msZC =m«sZB — mzA = 90° — 63.4°

mzsC = 26.6°

SinA =

Solve the following triangles when m/B = 90°;

7. moA=60°, ¢c=4cm
Solution
mzA = 60° c = 4cm
msZC =m«sB — m«C = 90° — 60°

C o a_ . o
E:COS6O E—sm60
a_1 a_ V3
b 2 8 2
b=4x2 _8V3
b = 8cm a=--

a = 4v/3cm
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Solve the following triangles when m/£B = 90°;

8. mzA = 30°c = 4cm

Solution

m«A = 30° ¢ = 4cm

mzZC = msB — mzC = 90° — 30°
m«C = 60°

wrong statement in book

C o a_ . o
E—cos60 E—sm60
4_1 a_ 3
b 2 8_2
b=4x2 _ 83
b = 8cm a=-,

a = 4v/3cm

Solve the following triangles when m/B = 90°;

0. b=10 cm,

Solution
By Pythagoras Formula

a=6cm

b? = a? + c? = (10)? = ¢? + (6)?
=>c¢2=100—-36=64=>c=8

sinC=5=2-08
10

C = sin~1(0.8) = 53.1°

mzA = mzZB — m«C = 90° — 53.1°

mzA = 36.9°

=l Kel

10
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10. Let O and R be the two points on the same —— ~"— — ~—/

3“t__‘_‘_'_""\-——v

other bank straight to point R. Find the width ﬁf —

of the canal and the angle POR. me wﬂi
————/ T
I 4 _ e T e
0 5 R
Solution
By Pythagoras Formula
|PQI? = |QR|? + |PR|?
(13)*> = (5)* + |PR|?
|PR|?> = 169 — 25 = 144
|PR| = 12km
PR 12
tan(LPQR) = & = ? =24
£PQR = tan"1(2.4) = 67.38°
B X C
11. Calculate the length x in the o
adjoining figure. \QC’N 5
A 17 cm D
Solution
Applying Pythagoras Formula | Again applying Pythagoras Formula
For AABD For ABCD
|AD|?> = |BD|? + |AB|? |BD|? = |BC|? + |CD|?
(17)22 = |BD|? + (10)? (3\/'2_1)2 = x2 + (8)2
|BD| = 3+/21 x =5v5
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12. If the ladder is placed along the wall such that the foot of the ladder is 2 m away

from the wall. If the length of the ladder is 8 m, find the height of the wall.

Solution
By Pythagoras Formula

8% = H* + 2°
64 = H> + 4
H? =64 —4 =60

H=7.75m

13. The diagonal of a rectangular field ABCD is
(x + 9)m and the sides are (x + 7)m and x m. D

Find the value of x.

Solution
By Pythagoras Formula

(x+9)?%=(x+7)?+x?

x?+18x + 81 = x2 + 14x + 49 + x2
x%+18x + 81 = 2x% + 14x + 49
x2—4x—-32=0
x—8)x+4)=0

x=8or x=-4

8
7.75
2
C
W
G %
[
A (x+ Tym B

Since x cannot be negative, therefore x = 8
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14. Calculate the value of ‘x’ in each case.

B 12 cm
5
{C}
- "LQG
A
Solution

By Pythagoras Formula
|AC|?> = |BC|* + |AB|?
(20)% = (12)2 + x2

x? =400 — 144 = 256

x =16cm

C

14. Calculate the value of ‘x’ in each case.

D
< J
4 &
A B 4 cm C
mAB = mBC

Solution

Applying Pythagoras Formula
For ADBC

|DC|?> = |DB|? + |BC|?

(5)* = |IDB|* + (4)

IDB|? =25—-16=9

|DB| = 3cm

Again applying Pythagoras Formula
For ADBA

|AD|?> = |DB|? + |AB|?

x? = (3)% + (4)?

x2=9+16 =25

x=5cm
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